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Abstract 

The quantum mechanical analysis of the canonical hamiltonian description of the effective action 
of a SDp-brane in bosonic ten dimensional Type II supergravity in a homogeneous background is 
given. We find exact solutions for the corresponding quantum theory by solving the Wheeler- 
deWitt equation in the late-time limit of the rolling tachyon. The probability densities for several 
values of p are shown and their possible interpretation is discussed. In the process the effects of 
electromagnetic fields are also incorporated and it is shown that in this case the interpretation of 
tachyon regarded as "matter clock" is modified. 
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1. INTRODUCTION 



In recent years a great deal of attention has been paid to open string tachyon states, 
which arise in unstable Dp-branes or brane-antibrane systems. These tachyon states have 
a symmetric potential V{T), with a central maximum and two symmetric minima, and to 
it D(p — 1) branes are associated, which kink interpolating states between these 

minima. If the boundary conditions on the tachyon are spacelike, then usual D{p — 1)- 
branes arise (for a review, see However if one of these conditions is timelike, then the 
tachyon rolls down and time-dependent, spacelike SD(p — l)-branes arise P|. These branes 
are localized in time, i.e. they exist for a short time and, due to the coupling of the tachyon 
with Ramond-Ramond (RR) fields, they carry the same type of charge as D-branes P|. 
Moreover, the study of the gravitational backreaction of the tachyon matter has been done. 

As soon as the tachyon field rolls down from the top of V{T) towards one of its minima, it 
starts to excite open and closed string modes in such a way that the energy of the unstable 
D-brane is radiated away. When the tachyon arrives to its minimum, the radiation is in 
the form of only closed strings^ because open strings cannot exist in the bulk. This has 
been computed explicitly, see 



^ and references therein. Actually in this context, a dual 
correspondence between open and closed string modes has been conjectured,_which can 
be very helpful in the computation of the effects when tachyon condensates [5]. Such a 
conjecture states that the tree level open string theory provides a description of the rolling 
tachyon system in terms of the closed string emission p|. Moreover this conjecture can be 
generalized to include quantum corrections and the full tachyon dynamics j^. 

On the other hand, based in previous work 3|, Sen proposed a field theory describing the 



dynamics of the rolling tachyon 



10l |. In this context, he found that the tachyon field 



can be interpreted as the time in quantum cosmology This was done by coupling the 
"tachyon matter" to a gravitational field and then performing its canonical quantization. 
From it, a Wheeler-deWitt equation turns out, which can be regarded as a time- dependent 
Schrodinger equation for this gravity-tachyon matter system. The coupling of the tachvon 
to gravity has been studied in connection with classical cosmological evolution 12, |l3|, . 
In particular its role related to inflation has been discussed, see |l5| and references therein. 
The classical solutions to supergravity including S-branes have been worked out in some 



cases, see e.g. 



12, 3]. In Ref. solutions of the Einstein- Maxwell effective description. 
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in four dimensions, of the rolling tachyon of the SO-brane proposed in Ref. 
found. 

Further, in 



have been 



20 



21 



22j the bosonic sector of the effective ten dimensional supergravity 
action, coupled to tachyonic matter, under a maximal symmetric ansatz ISO{p+l) x 50(8 — 
p, 1), has been considered. There, the time-dependent models were extensively studied and 
some classical solutions to supergravity with SD-branes have been worked out. For recent 
developments in this direction see Ref. 2^, 

In the present work, we will consider the canonical quantization of the above mentioned 
effective action. In quantizing the classical field theory in we do not expect to 

describe rigorously quantum aspects of string theory. Nevertheless, the quantum properties 
of the considered field theory seem to be an interesting problem by itself, as already pointed 



out by Sen in Ref. 



where he considers a quantum cosmology model coupled to the 



tachyon matter. The SDp— brane model 
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22l | we are going to consider can also be 



understood as cosmology with dilaton and RR fields, driven by the tachyon matter. We 
show that the proposal by Sen, concerning the interpretation of the tachyon as time, in 
the late 'time' decoupling limit, is valid for the model under consideration. We find an 
exact wave function, finite and continuous everywhere for the corresponding Schrodinger 
equation. The associated probability density shows an infinity of continuous degenerated 
maxima describing a path in minisuperspace. Its behavior with respect to some interesting 
values of p of the SDp-brane is also shown. Moreover, we will show that even for the 
next order approximation from the late-time decoupling limit (still with T large but with 
nonvanishing V{T) and /(T), see Ref. ^ [l^ and Sec. 2 in Ref. the RR coupling 

allows an interpretation of the tachyon as time, in this case with a Schrodinger equation 
with a time-dependent potential. 

It should be remarked however that in the presence of a uniform electric field, the inter- 
pretation of the tachyon as time seems to be spoiled. In the late-time limit, the tachyon does 
not decouple from the electric field. This electric field has been considered, for example in 
connection with what has been called the carroUian confinement mechanism for open string 



states 



3, 



24|. 



This paper is organized as follows: in section 2 we briefly discuss the model proposed in 



Refs. m 



2l| for the effective action of a SDp-brane. In section 3 we find the hamiltonian 



constraint for the SD-brane. Section 4 is devoted to the study of quantum solutions with the 



3 



rolling tacliyon approximation in the decoupling limit. We also comment about a possible 
extension of the interpretation of tachyon as time to a first approximation around the limit 
at T — ^> oo. In section 5, we include electric and magnetic fields and exhibit the relevant part 
of the Hamiltonian in the late-time limit. Our conclusions are finally presented in section 6. 



2. THE SDp-BRANE ACTION 

The case we analyze here is that of the low energy effective action of the closed string 
interaction with the rolling tachyon matter. This can be done by means of an action Sf,rane 
given by the Dirac-Born-Infeld action of the tachyon plus a Wess-Zumino term describing 
its coupling to the RR fields. To this, the action Sbuik of the background ten dimensional 
supergravity is added, from which we will consider only the bosonic sector. The action 



proposed in 



20 



for this theory is: 



S — Sbulk + Sbranei (l) 



Sbulk = — hr- I d^'^xy^ R - -(d(f)f - —-- -F^ , (2) 

Sbrane = j d^+^x^Q^ (- V^(T)e-<^v^ ) + j Q^T{T)dT A Cp+i, (3) 

where Gio is the Newton's constant in the ten-dimensional theory, a = (3— p)/2 is the dilaton 
coupling, A = detAai3, Aap = Qap^'^^'^ + daTdpT is the tachyon metric, JF(T) is the factor 
of coupling between the tachyon and the RR fields Cp+i, and V{T) is the tachyon potential. 
'g± is the "density of branes" , which does not depend on the parallel coordinates of the brane 
. Greek indices a, /3 = 0, 1, . . . ,p + 1, label the time and parallel coordinates (denoted by 
II) to the SDp-brane. Latin indices i,j = 1, .., 8—p label the perpendicular coordinates of the 
brane (denoted by ±), and capital letters A,B,..., etc. stand for space-time coordinates of 
the bulk. 

Following Refs. 0, |^ , the simplest model that we can study is assuming the homo- 
geneous (but non-isotropic) FRW metric. Making the space decomposition into maximal 
symmetric direct product ISO{p + 1) x 50(8 — p, 1) we have the metric 

ds"^ = -N^{t)dt'^ + al{t)dxl + a]_{t)dxl, (4) 
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where a\\(t) and a±(t) are the parallel and perpendicular scaling factors of the brane and 
N{t) is the lapse function. In 19|,|21[ it was noticed that the SDp-brane is not suitable to be 
localized by means of a delta function, because it could break at short scales the i?-symmetry 
present in 5*0(8 — p, 1). In order to preserve this symmetry, it was proposed to "smear out" 
the localization of the brane by a homogeneous distribution along x±. Thus the density 'g± 
is given by 

d± = P±d^~^x±, (5) 

where p± = Poy/gn^ = pQa'^^\ po is a constant and Qhs^p is the determinant of the metric 
of the hyperbolic space perpendicular to the brane. The {p + 2) —form field strength Fp+2 is 
given in terms of the (p + 1) —form RR potential Cp+i, which is chosen in a gauge in which 
the only nonvanishing component is Ci2...p+i = C(t), 

Fl, = -N-'Cl, = -N-'C\ (6) 

In order to preserve homogeneity, the tachyon field is function only of time T = T{t). Hence 
the tachyon couples to RR fields in the following form 

dT ACp+i = fCdP+^x\\. (7) 
In order to simplify the Lagrangian we can introduce the coordinates /?i,/32 defined as, 

f3i = l [iP + m + (8 - p)I3a-] , (8) 



P2 = P\\-P±, 



(9) 



where f3\\ = In ay and l3± = lna_L. Also the space volume is given by Vs = 
^Q^Q_^^ f dP'^^x\\d^''^x±, so S = f d^^xC, with C =Vs J dt L. In these coordinates and with 
the ansatz (jlj we have the Lagrangian 



N 



\^n2 _ (P+1)(8-P) .2 _ _ 

9 r 2(p + 2)! 



+ 



(10) 
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In order to manage the square root part of the Lagrangian, we introduce a Lagrange multi- 
pher fl into the Lagrangian (fTUj) as follows, 



^^^1 9 2^ 2(p + 2)! 



N 



2 



(11) 



where A = Apo- As usual, variating this action with respect to f2, |^ = 0, and substituting 
Q from it into Lagrangian (jllll the Lagrangian (jlOj) follows. 



3. THE SDp-BRANE HAMILTONIAN 

In this section we discuss the canonical hamiltonian formalism of the Lagrangian 
The resulting hamiltonian constraint will be used in the next section to give the correspond- 
ing Wheeler-deWitt equation. The canonical momenta obtained from the Lagrangian (jllll 
are given by, 

df3i N 
^ ^ ^ 2 (^^+1X8-^ 

dL e^/^i . 



dcf) N 



c 



■c, 



dC N{p + 2)\ 

dL 
dt 

With the constraints Pq = P/v = implemented, the Hamiltonian is given by 

H = f3iPi + ^2^2 + ^P^ + CPc + fPT-L 



P^ = ^ = Q-^f + Xe^^-Pp^~rAP+^^^Ajr^T)C. (12) 
dT ^ 



= - {-—e-^^^P^ + , ^\'/ -Pi + e-9^^Pj + (p + 2)!e-(9^^+'^<^)p2 

2\ 144 ^ 2(p + l)(8-p) ^ 4>^yy^ ) c 

2 2 2 



(13) 



After elimination of by its equation of motion dH/dVt = 0, the Hamiltonian gets the form 
H = NHq, where. 
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1 qp-9/3i 

ff^ - ^p-9/3i p2 , p2 , -9/3i p2 , / , 2^ -(9/3i+a0) p2 

+ 2e<^/^ |AV2(T)ei«^^-'^^ + [Pt - Xe^''P^[f''--^^^+'^f']j^iT)C]^y^' = 0. (14) 

is the hamiltonian constraint. 

It is worth to notice that when this constraint is apphed at the quantum level, the 
resulting Wheeler-deWitt equation does not provide a time evolution of the system, and the 
corresponding wave function is not normalizable. This is known as the "time problem" j^l ■ 

4. CANONICAL QUANTIZATION 

Exact expressions for the potential V{T) and the coupling factor J-'{T) are not known. 
However, their asymptotic form y(T) = e~"'^'/^ and JF(T) =sign(r)e~"'"^'''^ as \T\ oo, is 



known from string theory ja M, uSi, lUj • Thus we only assume that V (T) has a maximum 
at T = and a minimum at \T\ oo, where V{T) = 0. Also, we see that in this limit the 
tachyon decouples also from the RR fields as JF(T) —>■ 0. The canonical hamiltonian ()14p 
takes in this limit the form 

Ho = --^^e-'''P?+l ^^^'~''^_^^ ^^^ = 0. (15) 

The resulting equation is the Wheeler-deWitt equation, 

= 0, (16) 



where Hq is given by (fT^ . with Pi = —i-^,P2 = —i-^,Pc = —i-^ and Pt — "gj,- 



%- 



Assuming that the dilaton field is given by its vacuum expectation value, i.e. gg = e^'^\ 
where Qs is the string coupling constant, then P^ = 0, and we have (with a particular factor 
ordering) , 



g-9A 



^^4^, (17) 



where Ci = C*2 = 2{p+i){8-p) ' ^3 ~ (p+2)!5'7", C4 = Ig^J^ . Now, we see that the Wheeler- 
deWitt equation (fTHjl leads to a Schrodinger-like equation. 

Thus in this limit, the tachyon is a scalar field which provides a useful parametrization of 
time, because the tachyon momentum enters linearly in (fT^. This can be interpreted as a 



"matter clock" js^. In string theory, the corresponding low energy effective action contains 
the action of the brane, in which the tachyon arises. This matter accompanies gravitation 
(Sfjuik) in a natural and consistent manner. On the other hand, as mentioned, the tachyon 
momentum appears linearly in (jl7|) . So it seems that at least some of the criticisms and 
problems related to a "matter clock" can be in this case avoided. Moreover, Sen ^] showed 
that for large values of time xq, the classical tachyon solution goes as T ~ xq + 0{e~°'^°) 
thus, this result provide us another way to recognize T as a time. 

The solution of ()17|) is straightforward. Assuming separation of variables for \E' is of the 
form: \Ef = ipi3-^{Pi)ipi3^{P2)4'T(T)ipc{C) we can rewrite the equation (fTTjl as 



^1- ^2- <-^3 — 

V^/3i ^/32 ^C, 



iCj^ = -/i, (18) 



where /x is a separation constant, which we take to be real. Thus, the tachyon wave function 
is given by 

^^(T) = e'^'^/^^)^. (19) 
Similarly, we find for the other field components 

V'^.(/32) = e^^v^^^ (20) 
^c(C) = eW4^, (21) 

with A = + o" > 0. Thus the remaining equation is given by 



C^t^ + ^e""^^ + \ = Q. (22) 



This equation has as solution the modified Bessel function 



ijp,{[5,) = K,,{^^eiP^y (23) 
where v = The general solutions are then, 

where is a normalization constant. This is a plane wave, that represents a free particle, 
with respect to the variables C and /?2 and with T playing the role of time. In terms of the 
radii a\\ and a± we have. 



If we compute the expectation value of ay, for a certain constant value of a±, we have 

2 



POO 




Jo 





a\\da\\. (26) 



From which we get 



2 



This relation can also be written as a sort of uncertainty relation between the two radii 
(ay) ~ {a±)~^p+^, where the proportionality factor is, for z/ = 1, of the order of 10^^ A/" 
and decreases exponentially as u increases. Note that the denominator in pTjl does not 
diverge at p = 3 due to the properties of the Gamma function, in fact (3 — p)T (^ 2{p+i) ) ~ 

In Figure 1, we plotted the probability density for the physical ('realistic') case of 
p = 3, where it is shown a continuum of maxima in the a± — ay plane, following a path in 
minisuperspace and showing an inverse relation between the two radii given by Eq. ()27p. 
Figure 2 and Figure 3 show two extreme cases with p = 1 and p = 8, respectively. These 
figures also shown that, for p = I, the probability density is almost projected on the a_L-axis, 
that is, for large values of ay, it is almost independent on it. Figure 3, is the case for p = 8 
and it shows that the probability density is independent on a± and therefore is projected 
on the a||-axis. All these figures are plotted for the specific values of the parameters given 
by yU = 0.1 and z/ = 0.7. 

Let us now consider the next leading order of the approximation of the hamiltonian ()14p. 
in which V'^{T) is neglected with respect to the V{T) or J-'{T). As we mentioned in the 
introduction, this approximation corresponds to the first order correction from the late-time 
decoupling limit with T still large but nonvanishing V{T) and f{T). This configuration was 
considered previously by Sen in Refs. In this case we have, 



^0-2^ 144^ 2ip + l)i8-pf'^^ /^^ + (p + 2j.e 

- 2Ae<^/^e(«-P)[^^"^(^+iN-^C = 0. (28) 



After quantization, we obtain from this hamiltonian again a Schrodinger equation, now with 
a time dependent potential for the RR field. It is interesting to note that in this case, the 
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FIG. 1: The figure shows the probability density For the 'physical' case of a SD3-brane {p = 3) 
(with fx = 0.1 and v = 0.7) and its variation with respect to the radii a± and ay. The maxima of 
the quantum solution determines a trajectory in the a± — ay plane. These maxima satisfy an 
inverse relation between both radii as shown in Eq. (27). 




FIG. 2: The probability density l^'p (also with jj. = 0.1 and u = 0.7) for one extreme case with 
p = 1. The solution shows that for this case, the maxima of l^'p determines an evolution which is 
almost projected on the axis a±, that is, for large values of a± it is almost independent on ay. 
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1.50 



FIG. 3: The figure corresponds with the other extreme case with p = 8 which shows that the 
probability density is independent on a±. This corresponds with a wave function ^' describing 
an evolution whose maxima are localized around fixed values of ay. 

term coming from the RR coupling still allows to interpret the tachyon field as time, because 
its moment still appears linearly, but in this case Eq. (j28|) leads to a Schrodinger equation 
with a time-dependent potential. Of course in the absence of RR and dilaton fields, the 
tachyon field is coupled only to gravity and we recover the situation discussed by Sen in 

5. BHInl. 



Refs. 



One way to solve equation (j28j), could be by fraying the time-dependent term as a per- 
turbation. In this case we could look for a solution of the form, 

vl/(r, A, C) = i,{T, A, C) + e-^+t'^^s''^V^i(A, ^2, C). (29) 



However, when substituted into ()28|1 . it gives an equation for ipi too complicated for an exact 
solution. The probability density obtained from (jSHI) — IV^P + 2Re[e"5(°-*^9s'' ^'^iljijji]^ 
contains time dependent interference terms corresponding to interactions of the tachyon 
matter (open strings) with background fields (closed strings) . This interference represents a 
manifestation of the quantum backreaction of the tachyon field by the background. 
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5. INCLUSION OF ELECTROMAGNETIC FIELDS 



We want to see in this section how the tachyon dynamics is modified in the presence of 



electromagnetic fields. Let us consider the case in which electric and magnetic fields faa are 



included. The brane action S Brane from Eq. is modified as follows j27|,|28|, 3], 



S 



A 



Brane 



Ae-^, (30) 



levrGio J 1,^- ^ V / V J levrGio 

where now the tachyon metric is Aap = Qap^'^^'^ + daTd^T + fap and / = fapdx" A dx^ . For 
simplicity, we will consider only one nonvanishing component for the electric and magnetic 
fields, E = foi = doAi and 5 = /12 = — c^2^i- With this choice, the exponential in the 
last term of action (j3(Jj) contributes only with a factor one. This can be obtained by direct 
calculation or following 22], taking into account the ansatz ISO{p+l) x S0{8—p, 1). After 
integration of the space coordinates, we get the Lagrangian 



-'brane 



1 + g-2(/3i + V/52+0/4) p2 \ _ ^2 



1/2 



(31) 



Making the same procedure of introducing a Lagrange multiplier Vl we found in the late-time 
limit {y{T) ^ as \T\ 00) that the relevant part of the hamiltonian turns out to be. 



H brane 
|T|->oo 



2e^/' [(1 + e-2(/5i+ p| + n^] , (32) 

where 11 is the momentum conjugated to Ai. From this expression, we see that the tachyon 
would decouple only if 11 vanishes. Thus, under the presence of electromagnetic fields, the 
tachyon cannot be identified with time in the sense of a Schrodinger-type equation even in 
the late-time limit. 



6. CONCLUSIONS 



In this work, we have provided an exact solution to the canonical quantization of the 



SD]?-brane model 



21 



22]. For this effective action, a Wheeler-deWitt equation 



has been obtained from the hamiltonian analysis. Following Ref. |25|], the square root in the 
tachyonic matter action ()1U|) was eliminated by the introduction of a Lagrange multiplier 
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Q. From the resulting action the Hamiltonian p4|) has been computed and the decouphng 
late-time limit (|T| —>■ oo) has been done. Even though we have considered the canonical 
quantization of the effective action with a maximally symmetric metric (jlj), the quantum 
version of this field theory and in particular of the model under consideration is interesting 
on its own right 3|- Moreover, it could provide some insight on string theory beyond the 
classical limit. 

Further we show that the proposal by Sen, concerning the interpretation of the tachyon 
as time, in the late-time decoupling limit, is valid for this model. In this limit we find an 
exact wave function for the corresponding Schrodinger equation. The associated probability 
density is a finite and continuous function of the radii ay and a±, it shows (a non-singular) 
continuum of maxima along a definite trajectory, in such a way that if the mean value of 
one of the radii increases, the mean value of the other one decreases, as shown in Figure 
1 for p = 3 and in Figure 2 and Figure 3 for the extreme cases of p = 1 and p = 8, 
respectively. We have also considered the situation beyond the late-time decoupling limit 
in which still T is large but V{T) and /(T) are nonvanishing. The coupling of the tachyon 
with the RR fields allows us still to interpret the tachyon as time. However in this case 



the Wheeler-deWitt equation (jzaj) leads to a Schrodinger equation with a time-dependent 
potential. This situation has been already discussed in Refs. |9|, |lO|, |ll | at the classical level. 
If quantum corrections of the string theory have to be taken into account and if the open- 
closed duality holds (see remarks of review, [3), it would be very interesting to explore if 
solutions of the Schrodinger equation (j2HI), or its generalizations (representing open-closed 
states), correspond to a description (at the lowest level) of the physics of the quantum string 
theory associated to SDp-branes. 

Finally, we have also shown that in the presence of electromagnetic fields, the interpreta- 
tion of the tachyon as time seems to be spoiled. Indeed, as can be seen from Eq. fl32|) that 
even in the late-time limit the tachyon does not decouple from the electric field. 
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